The dynamic portfolio selections in the sense of Markowitz's mean-variance are addressed in an incomplete market and the effect of interest rate risk on them is discussed. According to Markowitz's measure risk approach, the interest rate risk is divided into the controllable risk and the uncontrollable risk. The former can be hedged, but the latter cannot. The zero-coupon bond is an efficient tool to avoid the interest rate risk. The optimal payoff resulting from self-financed strategies and the mean-variance efficient frontier are expressed explicitly. The results show that the optimal payoff and the efficient frontier are not affected by the controllable risk of interest rate, but by the uncontrollable risk. The efficient frontier is a part of a hyperbola if there exists the uncontrollable risk. The expected optimal payoff grows with the increase of risk; however, the margin expected optimal payoff lowers. The efficient frontier is a straight line if and only if there is no uncontrollable risk.
Introduction
The portfolio problem is one of major issues in applied and theoretical finance. And the interest rate is an important factor in portfolio selections and a main reason why the global financial crisis took place in 2008. Markowitz [1] provides a powerful framework for assessing the riskreturn of assets and the benefit of diversification. Optimal multiperiod portfolios are characterized in Merton [2] . And then dynamic mean-variance portfolios are characterized in Richardson [3] for a fairly simple investment opportunity set, and in Bajeux-Besnainou and Portait [4] for more complex asset price dynamics. Taking advantage of the general stochastic linear-quadratic theory, Zhou and Li [5] and Lim and Zhou [6] gave an analytical optimal portfolio strategy and an explicit expression of the efficient frontier in the case of a continuous-time mean-variance portfolio selection problem in a complete market. The typical examples of the incomplete market were studied on claim hedging in Karatzas [7] and He and Pearson [8] , where the number of stocks is not greater than the number of Brownian motions in the price processes of stocks. The purpose of this paper is to address the dynamic mean-variance portfolio selections in the incomplete market with interest rate risk.
The optimal payoff and the mean-variance efficient frontier are expressed in a financial background with respect to the variance-optimal martingale measures introduced in Schweizer [9] or [10] . In general, the efficient frontier is a part of a hyperbola. With the increase of investors' risk, their expected return grows while the margin expected return lowers.
The reasons for the non-straight-line efficient frontier are both the interest rate risk and market incompleteness. It is proved that the efficient frontier is a straight line under the assumption that either the interest rates are determined or the market is complete.
The effect of the interest rate risk on portfolio selection is analyzed. The interest rate risk is divided into the controllable risk and the uncontrollable risk. The controllable risk, related to capital market, can be hedged. The expected return produced by the controllable risk may be positive, zero or negative. On the contrary, the uncontrollable risk, having no relevance to capital market, cannot be hedged. The latter affects investors' expected return, but the former does not. The resolution of the interest rate risk is different from that by Markowitz. A reasonable interpretation for the optimal payoff and the  efficient frontier are given with the resolution. And both of them are not affected by the controllable risk, but by the uncontrollable risk. The efficient frontier is a line if and only if the uncontrollable risk does not exist The paper is structured as follows. The next section presents the model we used and the financial background. In section 3, we introduce several lemmas and the relations between the variance-optimal martingale measures and the orthogonal projections. Section 4 presents the solution to our problem and analyzes the meanings of its solution. We determine the mean-variance efficient frontier and conclude our paper in the last section.
Model and Financial Background
Let  , ,
be a complete probability space and be the space of all square-integrable real random variables with scalar product
. A given element satisfies and
The pair   , M B represents the financial environment in which the subsequent considerations take place. M corresponds to a financial market without frictions, such as transaction costs, constraints or other restrictions on strategies. An element m of M models the total gains from trade resulting from a self-financing trading strategy with initial capital 0.
is interpreted as the final value of some bond with initial value 1. In particular, the case corresponds to interest rate 0. 
is a continuous semimartingale. As in [11] and [12] , we introduce two sets
and two standing assumptions: Assumption 1. 
where  is the set of -valued
given a constant expected return, select optimal portfolio such that the risk of the portfolio is minimal. Thus consider the following problem:
.
is call mean-variance efficient. The mean-variance efficient frontier is the set of all meanvariance efficient points.
In the preceding example, problem (P) is equivalent to the following problem:
and V is a real constant.
In this paper, we address problem (P) under general assumptions (such as incomplete markets and stochastic interest rates) and our results apply to portfolios of claims in a single period, multiperiod and continuous time. As mentioned in the introduction, Richardson [3] and Bajeux-Besnainou and Portait [4] solve the problem (P') in the complete market by applying the method of dynamic programming. Instead of the dynamic stochastic control theory, Zhou and Li [5] and Lim and Zhou [6] discussed the same problem under market completeness. Although Sun and Wang [13] analyzed a similar problem, the original probability is replaced by an equivalent one, so called B P , and the interest rate risk is omitted.
Methodology
In this section an auxiliary problem is introduced and the relation between the auxiliary problem and problem (P) is discussed. And some lemmas and notions are presented. It should be mentioned that the orthogonal projection is an important tool to solve our problems.
Problem (P) can be solved via the following utility optimization problem:
The relation between problems (P) and (P*) is described as the following.
Lemma 1: If is a solution to problem (P*) then
Proof: Let be a solution to problem (P*) and select parameter
, which means the lemma holds true. Q.E.D.
Lemma 1 shows that the quasi-quadratic utility exhibits the mean-variance efficiency. Next we present some other lemmas for the solutions to problems (P) and (P*).
Lemma 2: If then 
 
The orthogonal projections are also related to variance-optimal martingale measures closely. The two variance-optimal martingale measures B and 1 , respectively, can be defined in the example above as the solutions to the problems
Problems (D) and (D') refer Schweizer [9] and [10], Delbaen and Schachermayer [11] , Gourieroux et al. [12] and Laurent and Pham [14] . We can express projections   π B and   π 1 with the measures B and 1 . Under the assumptions 1 and 2 in the example, we have
And the measures and are equivalent to measure .
Solutions and Analysis
The solutions to problem (P*) and then problem (P) are given and the meanings of their solutions are analyzed in this section.
Proposition 1: The solution to problem (P*) is given below
Proof: From lemma 4, we have 
Thus the original problem is transformed to an optimization problem with a quadratic function. It has solution
Substituting in relation (4), the first part of the proposition is true. Now we turn to the second one. The solution to problem (P) is Substituting for in , we know the proposition true from lemma 4. The proof is complete. Q.E.D.
The solution to problem (P) is given as follow: 
 that is, seeking payoff by a self-financed strategy such that a bond holder has minimal risk (by short-selling stocks with payoff ).
m m for and
From proposition 1 and lemma 1, the optimal payoff is
Proposition 3: The solution to problem
Proof: From lemma 3, one has
Again from lemma 3, is a solution to problem 
From proposition 3, B B  is the optimal replicable part of in the sense of minimal risk, and B B is the leftover part. B and B B  is called, respectively, as the uncontrollable payoff and the controllable one of . Their expectations are referred as the expected uncontrollable payoff and the expected controllable payoff, and their variances as the uncontrollable risk and the controllable risk of .
B B
The resolution of interest rate risk gives a reasonable interpretation of the solutions to problems (P*) and (P). The solution to problem (P*) has two terms: one payoff by a short-selling self-financed strategy to avoid the controllable risk of interest rates; and the other by a self-financed strategy dependent on investors' risk preference.
Results and Conclusions
At last, we determine the mean-variance efficient frontier, present its properties and conclude our paper.
Let . Form proposition 1, we get
Proposition 4: The mean-variance efficient frontier of problem (P) is given by relation (6).
Obviously, the expected optimal payoff is not affected by the controllable risk, but by the uncontrollable risk of interest rates. If one only takes the uncontrollable risk Var B     , her or his expected return is 0 V E B     , the expected uncontrollable return. Define the excess expected return as  
, the difference between the expected optimal return and the expected uncontrollable return, the excess risk as
, the square root of the difference between the variance of the optimal payoff and the uncontrollable risk of interest rates 2 0 Var V     B , and the excess risk price as
The product of the excess risk price and the excess risk
n as the excess premium. Thus the excess expected an be see return is equal to the excess premium.
If the uncontrollable risk Var B     is zero, the excess ris d the e k, the excess risk price an xcess risk premium are the standard deviation of the optimal payoff, the risk price and the risk premium, respectively. In this case, the efficient frontier is a line
which is usually called as the capital market line. effici 5: The following statements are equivale e efficient frontier is a line;
The following proposition further discusses the ent frontier. Proposition nt:
Ther exists a real number such that
It is cl r that the conditions a) and b) are equivalent and that condition b) is equivalent to c) and d). From relation (5) and Holder's inequity, condition b) is equivalent to e). At last, we prove b) and e) are equivalent. On one hand, condition e) implies f) since nd is an asse d asset) in the market. From proposition 5, the zero-coupon bond is a useful tool to avoid the interest rate risk, including not only the controllable risk but also the uncontrollable risk.
Comparatively, Bajeux-Besnainou and P oved the mean-variance efficient frontier is a line (an explicit expression is given only in a complete market) in a market with a bond, a zero-coupon bond and some stocks, no matter whether it is complete or not.
In the two particular cases, determined interes th the optimal payoff and the efficient frontier in the mean-variance portfolio selections. And the risk can be avoided in the use of the zero-coupon bond.
